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In this paper, a novel control algorithm for suppression of the transverse vibration of an

axially moving web system is presented. The principle of the proposed control

algorithm is the regulation of the axial transport velocity of an axially moving beam

so as to track a profile according to which the vibration energy decays most quickly. The

velocity is solved by the conjugate gradient method. The Galerkin method is applied in

order to reduce the partial differential equation describing the dynamics of the axially

moving beam into a set of ordinary differential equations (ODEs). For control design

purposes, these ODEs are rewritten into state-space equations. The vibration energy of

the axially moving beam is represented by the quadratic form of the state variables. In

the optimal control problem, the cost function modified from the vibration energy

function is subjected to the constraints on the state variables, and the axial transport

velocity is considered as a control input. Numerical simulations are performed to

confirm the effectiveness of the proposed control algorithm.

& 2011 Elsevier Ltd. All rights reserved.
1. Introduction

There are numerous industries that use web-material transport systems such as papers, textiles, metals, polymers, and
composites. In these systems, the application of roll-to-roll processing yields better performance and supports mass
production and high-speed automation. However, the mechanical vibrations (particularly in the transverse direction) of
web materials have been the main quality- and productivity-limiting factor, especially in high-speed roll-to-roll systems.
The present work was motivated by the vibration control problem in roll-to-roll lithography systems, and indeed, it should
be noted that the lithographic process is a key manufacturing technology in flexible electronics. For example, Fig. 1 depicts
the roll-to-roll patterning system of the Anvik Corporation [1]. In this system, the flexible substrate web, which is fed from
a supply roll, extends across the exposure region on the scanning stage, and is wound onto a take-up roll. When the
moving web comes to a stop, residual transverse vibrations arise naturally, even if the transport velocity of the moving
web approaches the zero value. Therefore, the lithographic process has to be suspended until the web reaches a tolerable,
minimal vibration state. In spite of the fact that the moving web, which can be considered as an axially moving viscoelastic
beam, can be stabilized by the viscous damping force if the axial transport velocity is less than the critical value [2], this
usually requires plenty of time. This process suspension due to the vibrations of moving materials is a typical technical
problem in almost all roll-to-roll systems. Therefore, reasonably prompt vibration suppression of moving materials for
improvement of the control performance of high-speed roll-to-roll systems is desirable.
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Fig. 1. Example of large-area high-throughput roll-to-roll patterning system [1]: (a) picture (& [2005] IEEE) and (b) schematic.
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Vibration control schemes for axially moving strings include Refs. [3–13]. Those for axially moving beams include
Refs. [14–19]. Boundary control techniques for axially moving systems have been developed in Refs. [4–19]. These
achievements were predicated on the Lyapunov energy-based method. They show that boundary control is an efficiency
control technique to stabilize axially moving systems. However, referring again to the practical example of the lithography
roll-to-roll system, control forces exerted from boundary actuators might destroy the surface of the substrate material.
Therefore, boundary control is not a suitable solution for vibration control in flexible electronics. The distributed control
method [3], which uses pneumatic diffusers to generate the distributed control forces, is a possibility, but the disadvantage
is that implementation of the control algorithm requires distributed feedback signals. It should be noted that setting up a
distributed sensor system for an axially moving system is not feasible in practice. Therefore, developing a proper control
method to suppress the transverse vibrations of moving webs in flexible electronics as well as axially moving systems,
where application of boundary control, at least thus far, is impossible, represents a formidable challenge. This paper
presents, as a means of overcoming that difficulty, a novel control algorithm that employs the effects of the time-varying
axial transport velocity of the moving web to suppress transverse vibration. This control algorithm not only solves the
technical difficulty but also, because it requires no actuator, provides cost-effectiveness.

In investigations of the dynamics of translating as well as stationary continua, a number of approximate methods have
been used [2,20–36]. For instance, in the case of time-dependent axial velocity, approximate solutions were obtained in
Ref. [23] with the method of multiple time scales, whereas in Ref. [32], the Laplace transform method was employed. A
state space form of equations of motion for an axially moving magnetic tape was obtained using the skew-symmetric
differential operator in Ref. [33], and the transverse vibration of the axially moving magnetic tape was approximated by
the eigenfunction expansion. In Refs. [2,24–31,34–36] the transverse displacement of an axially moving beam was
expanded into a Fourier series (a sine series is a good candidate), and the Galerkin method was applied to reduce the
partial differential equation (PDE), which governs transverse motion, into a set of ordinary differential equations (ODEs), a
dimensional discrete model. The discrete models obtained using the Galerkin method were compared with results



Q.C. Nguyen, K.-S. Hong / Journal of Sound and Vibration 330 (2011) 4676–46884678
presented in the literature, and good agreements were shown in Refs. [24,26,27,31,34]. In Ref. [29], experimental results
were consistent with numerical simulation results of dynamic responses of an axially moving belt using a high
dimensional discrete model. Indeed, the aforementioned studies have shown that the Galerkin method gives good
predictions of the dynamic responses of axially moving systems.

In this paper, a novel control algorithm for suppression of the transverse vibration of an axially moving web is
presented. Contrary to the conventional methods (boundary and distributed controls) that use external forces to stabilize
axially moving systems, the proposed control algorithm is implemented by the regulation of the axial transport velocity,
which is a system parameter. The remainder of this paper is organized as follows. Section 2 introduces a dynamic model of
the considered system (an axially moving viscoelastic beam) approximated by means of the Galerkin method.
Subsequently, the approximate dynamic model is rewritten into state-space equations. Section 3 presents our control
algorithm, which utilizes the effects of the time-varying axial transport velocity to suppress the transverse vibration. The
idea is to regulate the axial transport velocity of the axially moving beam to track a profile, according to which the
vibration energy decreases most quickly. Section 4 illustrates the effectiveness of the proposed control algorithm with
numerical simulations. Finally, Section 5 draws conclusions.

2. Problem formulation

In practice, besides the transverse motion of the axially moving web, the lateral motion of the web caused from the
misalignment of the rolls may occur. However, the lateral motion can be eliminated if the misalignment of the rolls is
significantly reduced by precision manufacturing, and the axes of rotation of the rolls are well controlled by terminal web
guide mechanisms. Therefore, only the transverse motion (transverse vibration) of the moving web is considered in this
paper. Based on this assumption, the axially moving web is modeled as an axially moving viscoelastic beam [15,27,33].
Fig. 2 shows the axially moving beam traveling between two fixed rolls, considered as the left and right boundaries. These
boundaries are fixed in the sense that vertical movement of the beam is restricted. Let t be the time and x be the spatial
coordinate along the longitude of motion. The equation of motion of the axially moving beam is given as [15,21,28,31,33]

a2wxxxxðx,tÞ�ðc2�v2ðtÞÞwxxðx,tÞþ2vðtÞwxtðx,tÞþwttðx,tÞþbwtðx,tÞþðbvðtÞþ _vðtÞÞwxðx,tÞ ¼ 0, (1)

where a¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
EI=rA

p
, b¼dv/rA, and c¼

ffiffiffiffiffiffiffiffiffiffiffiffi
P=rA

p
. In Eq. (1), the variable w(x,t) denotes the transverse displacement at the

spatial coordinate x and time t; l is the distance between two fixed rolls; r is the mass per unit length of the beam; dv is the
viscous damping coefficient; and v(t) is the time-varying axial velocity of the beam. Moreover, let A be the cross-section of
the beam, E is the Young’s modulus, I is the moment of inertia of the beam’s cross-section about the z-axis, and P is the
axial tension. The beam model is obtained under the assumption that the tension P and the mass per unit length r are
constants. The beam system is considered with the simple boundary conditions:

wð0,tÞ ¼ 0, wðl,tÞ ¼ 0, (2)

wxxð0,tÞ ¼ 0, wxxðl,tÞ ¼ 0, (3)

It should be noted that the established boundary conditions are consistent with the practical example of the roll-to-roll
lithography system presented in Section 1, where the transverse vibration resulting from eccentricity between two fixed
rolls is ignored. The initial transverse displacement and the initial transverse velocity are given as, respectively,

wðx,0Þ ¼w0ðxÞ and wtðx,0Þ ¼wt0ðxÞ: (4)

To obtain a finite-dimensional dynamic model, the Galerkin method is applied to solve the PDE (1). The transverse
displacement w(x,t) is assumed to be expanded as

wðx,tÞ ¼
Xn

i ¼ 1

qiðtÞjðxÞ, (5)

where jðxÞ ¼ sinðipx=lÞ describes the effect of the ith eigenvalue of the stationary beam, and qi(t) represents the
generalized transverse displacement [31]. The finite-dimensional dynamic system will be obtained by carrying out the
following procedure: (i) multiplying Eq. (1) by a weighting function j(x), (ii) integrating the resultant equation obtained in
Fig. 2. Axially moving beam traveling between two fixed rolls.
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step (i) over the domain xA[0,l], (iii) utilizing the boundary conditions (2) and (3) and substituting Eq. (5) into the resultant
equation obtained in step (ii), and (iv) collecting all terms of the resultant equation obtained in step (iii) with respect to
qi(t), _qiðtÞ, and €qiðtÞ. The equations obtained in steps (i)–(iii) are similar to the results found in Refs. [2, p. 182] and
[31, p. 320]. After step (iv), the PDE (1) can be rewritten into a set of ODEs [2,24–31,34–36] as

M €qðtÞþCðtÞ _qðtÞþKðtÞqðtÞ ¼ 0, (6)

where the elements of the mass matrix M, the damping matrix C(t), and the stiffness matrix K(t) are defined as

Mji ¼

Z l

0
sinðipx=lÞsinðjpx=lÞdx¼

l=2, if i¼ j,

0, if iaj,

(
(7)

Cji ¼ ð2ipvðtÞ=lÞ

Z l

0
cosðipx=lÞsinðjpx=lÞdxþb

Z l

0
sinðipx=lÞsinðjpx=lÞdx,

Cji ¼

bl=2, if i¼ j,

0, if iaj, iþ j is even,

4ijvðtÞ=ðj2�i2Þ, if iaj, iþ j is odd,

8><
>: (8)

Kji ¼ a2ðip=lÞ4
Z l

0
sinðipx=lÞsinðjpx=lÞdxþðip=lÞ2ðc2�v2ðtÞÞ

Z l

0
sinðipx=lÞsinðjpx=lÞdx

þðipðbvðtÞþ _vðtÞÞ=lÞ

Z l

0
cosðipx=lÞsinðjpx=lÞdx,

Kji ¼

a2ðip=lÞ4þðip=lÞ2ðc2�v2ðtÞÞ, if i¼ j,

0, if iaj, iþ j is even,

2ijðbvðtÞþ _vðtÞÞ=ðj2�i2Þ, if iaj, iþ j is odd:

8><
>: (9)

Therefore, it is convenient to rewrite the ODEs (6) in the state space [26] as

_sðtÞ ¼AðtÞ sðtÞ, (10)

where

sðtÞ ¼ ð _qTðtÞ, qTðtÞÞT, (11)

and

AðtÞ ¼
�M�1CðtÞ �M�1KðtÞ

In�n 0n�n

" #
: (12)

Remark 1. The number of functions n in the approximate solution (5) affects to the convergence of the sine series as well
as the smoothness of the function w(x,t). The method for choosing n can be found in Ref. [29, Section 3].

Remark 2. For control design purposes, the linear operator A combined with the approximate solution (5) will be used to
describe the dynamics of the axially moving beam system. It is obvious that the matrices C(t) and K(t), and consequently
A(t), are functions of the axial transport velocity v(t). This allows the eigenvalues of the linear operator A as well as the
convergence speed, when s(t)-0, to be adjusted by changing the axial transport velocity. On this technical basis, a control
algorithm that utilizes the effects of the axial transport velocity to suppress the transverse vibration was developed.

3. Control design

Fig. 3 illustrates the idea of the proposed control algorithm. In the case of no control for vibration suppression, the axial
transport velocity is regulated to decrease from v(0) to zero using a conventional profile constructed from a slope; that is,
the transport deceleration is constant. The conventional constant-deceleration profile shown in Fig. 3(a) is a typical
example widely used in practice. In this case, the vibration energy Ebeam(t) tends naturally to zero in the presence of the
viscous damping. However, the phenomenon that the residual vibration energy still has considerable value when the axial
transport velocity arrives at zero usually occurs. Moreover, the convergence of the vibration energy to zero depends on the
value of the viscous damping coefficient of the web material. It should be noted that the viscous damping coefficients of
the web materials (for example: films, textiles, and plastics) may not be large enough to dissipate significant vibration
energy. Therefore, vibration suppression that relies only on the viscous damping force usually requires plenty of time. As
shown in Fig. 3(b), when the control algorithm is applied, the axial transport velocity is regulated to track a profile
constructed from several slopes instead of the conventional constant-deceleration profile. This control algorithm is
expected to impart two improvements to control performance. First, the vibration energy is expected to decay quickly.
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Fig. 3. Comparison of the axial velocities and the transverse vibration energies (only deceleration period is focused): (a) with the proposed velocity

profile and (b) with the conventional velocity profile.
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Second, when the axial transport velocity reaches the zero value, the transverse vibration is suppressed completely. These
improvements were validated both by theoretical calculations (see Eqs. (29)–(42)) and numerical simulation results. To
obtain the proposed profile, a control optimal problem was established, in which the cost function is modified from the
vibration energy function of the beam system, and the time-varying axial transport velocity is considered as a control
input. The conjugate gradient (CG) method [37–44] was used to solve the optimal control problem. The application of the
CG method provides a good convergence property for the cost function as well as the vibration energy. As shown in Fig. 4,
the vibration energy of the moving web tends to the minimum point (the zero value) in a zigzag fashion; that is, in every
iteration of the CG algorithm, the axial transport velocity is regulated so that the vibration energy function Ebeam(t)
decreases in the direction opposite to the gradient of the vibration energy, where Ebeam(t) decreases most quickly.

The state-space model (10) is rewritten as

_sðtÞ ¼ fðs,v, _vÞ ¼AcsðtÞþvðtÞB1sðtÞþv2ðtÞB2sðtÞþðbvðtÞþ _vðtÞÞB3sðtÞ, (13)

where Ac and Bi(i¼1, 2, 3) are constant matrices. The elements of Ac and Bi(i¼1, 2, 3) are defined as

Ac ¼
�M�1Cs

�M�1Ks

In�n 0n�n

" #
, (14)

where

Cs
ji ¼

bl=2, if i¼ j,

0, if iaj,

(
(15)



Fig. 4. Convergence of the vibration energy in zigzag fashion.
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Ks
ji ¼

a2ðip=lÞ4þðip=lÞ2c2, if i¼ j,

0, if iaj:

(
(16)

B1 ¼
�M�1Bs

1 0n�n

0n�n 0n�n

" #
, (17)

where

Bs
1ji ¼

0, if i¼ j,

0, if iaj, iþ j is even,

4ij=ðj2�i2Þ, if iaj, iþ j is odd:

8><
>: (18)

B2 ¼
0n�n �M�1Bs

2

0n�n 0n�n

" #
, (19)

where

Bs
2ji ¼

�ðip=lÞ2, if i¼ j,

0, if iaj:

(
(20)

B3 ¼
0n�n �M�1Bs

3

0n�n 0n�n

" #
, (21)

where

Bs
3ji ¼

0, if i¼ j,

0, if iaj, iþ j is even,

2ij=ðj2�i2Þ, if iaj, iþ j is odd:

8><
>: (22)

In Eq. (13), the axial transport velocity v(t) is considered as a control input.
The vibration energy of the beam system can be represented as

EbeamðtÞ ¼
1

2

Z l

0
r½wtðx,tÞþvðtÞwxðx,tÞ�2þPw2

x ðx,tÞþEIw2
xx

� �
dx, (23)

where the first term on right side is the kinetic energy of the moving beam, the second term is caused by the beam tension,
and the last term comes from the bending moment. Substituting Eq. (5) into Eq. (23) gives

EbeamðtÞ ¼
1

2

Z l

0
r
Xn

i ¼ 1

ð _qiðtÞsinðipx=lÞþðipvðtÞ=lÞqiðtÞcosðipx=lÞÞ

" #2
8<
:

þP
Xn

i ¼ 1

ðip=lÞqiðtÞcosðipx=lÞ

" #2

þEI
Xn

i ¼ 1

ðip=lÞ2qiðtÞsinðipx=lÞ

" #2
9=
;dx: (24)

The vibration energy (24) is then evaluated as

EbeamðtÞr
1

2

Z l

0
r
Xn

i ¼ 1

ð _qiðtÞþðipvðtÞ=lÞqiðtÞÞ

" #2

þP
Xn

i ¼ 1

ðip=lÞqiðtÞ

" #2

þEI
Xn

i ¼ 1

ðip=lÞ2qiðtÞ

" #2
8<
:

9=
;dx
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r
l

2
r
X2n

i ¼ 1

ð1þcðiÞðipvðtÞ=lÞÞsiðtÞ

" #2

þP
X2n

i ¼ 1

ðcðiÞþðip=lÞÞsiðtÞ

" #2

þEI
Xn

i ¼ 1

ðcðiÞþðip=lÞ2ÞsiðtÞ

" #2
8<
:

9=
;; (25)

where the Heaviside step function c(i) is defined as

cðiÞ ¼
1

2
sgnði�nÞþ9sgnði�nÞ9
� �

: (26)

From Eq. (25), the upper bound of the vibration energy (23) is obtained as

EbeamðtÞ ¼
1

2
sTðtÞQ ðtÞsðtÞ, (27)

where Q is a positive symmetric matrix of size 2n�2n, and the elements of Q are defined as

Qij ¼

l r½1þ ipvðtÞcðiÞ=l�2þP½cðiÞþ ip=l�2þEI½cðiÞþðip=lÞ2�2
n o

,if i¼ j,

l r½1þ ipvðtÞcðiÞ=l�½1þ jpvðtÞcðjÞ=l�þP½cðiÞþ ip=l�½cðjÞþ jp=l�þEI½cðiÞþðip=lÞ2�½cðjÞþðjp=lÞ2�
n o

,if iaj:

8><
>: (28)

Remark 3. It should be noted that if the upper bound of the vibration energy EbeamðtÞ converges to zero, the vibration
energy Ebeam(t) also converges to zero. From Eq. (27), it is obvious that EbeamðtÞ is represented in a linear quadratic form,
which is a convenient form for application of the CG method. Therefore, the upper bound EbeamðtÞ is used to establish the
optimal control problem.

To solve the optimal control problem, the axial transport velocity v(t) that minimizes the cost function is found as

Jðtf Þ ¼
1

2
sTðtf ÞQ ðtf Þsðtf Þ, (29)

where tf is the terminal time, subjected to the state-space equations (13) with the initial and final conditions of the state
vector

sð0Þ ¼ s0, (30)

sðtf Þ ¼ 0, (31)

and subjected to the inequality constraint of the control input

vðtÞ40 (32)

The initial state s(0)¼s0 can be obtained from the initial conditions (4). The constraint (31) can be combined with the
cost function (29) as

~Jðtf Þ ¼
1

2
sTðtf Þ Q ðtf ÞþW

� �
sðtf Þ, (33)

where W is a weight coefficient matrix of size 2n�2n. In this paper, the function describing the axial transport velocity is
assumed to be piecewise linear in every iteration of the CG algorithm. Therefore, from Eq. (13), the function fðs,v, _vÞ can be
represented as f(s,v). Note that, given an axial transport velocity v(t), the state-space equations (13) can be solved for a
unique s(v). Therefore, ~J ¼ ~JðvÞ is a unique function of v(t). Let H denotes the Hamiltonian function given by

Hðs,k,vÞ ¼ kT
ðtÞfðs,vÞ, (34)

where k(t) is a 2n-dimensional vector including adjoint variables. The necessary optimality conditions are then given as
follows [37]:

_kðtÞ ¼ �
@H

@s
¼�AðtÞkðtÞ, (35)

kðtf Þ ¼ ½Q ðtf ÞþW�sðtf Þ: (36)

Then, the gradient is

gðtÞ ¼
@H

@v
¼ kT
ðtÞ B1sðtÞþ2vðtÞB2sðtÞþbB3sðtÞ
� �

: (37)

The CG direction of v(t) in the kth iteration is determined as

pkðtÞ ¼�gkðtÞþbkpk�1ðtÞ, (38)
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where

bk ¼

R tf

0 gkðtÞgkðtÞdtR tf

0 gk�1ðtÞgk�1ðtÞdt
, (39)

and

gkðtÞ ¼
@H

@v

�����
k

: (40)

Let vk(t) be the kth approximation to the proposed velocity profile. The new estimate of v(t) is

vkþ1ðtÞ ¼ vkðtÞþakpkðtÞ, (41)

where ak is chosen to minimize ~JðvkþakpkÞ. The technique to search ak is given in Ref. [40, Section 7]. The convergence of
the CG algorithm is presented in Ref. [37].

Design procedure 1. The proposed control design using the CG algorithm to generate the proposed velocity profile is
summarized as follows:

Step 1: Given tf, s0, and v0. Set k¼0.
Step 2: Solve the state-space equations (13) forwards with v¼vk and the adjoint Eqs. (35) and (36) backwards, and
then compute pk from Eq. (38). If k¼0, then p0¼�g0.
Step 3: Choose ak to minimize ~JðvkþakpkÞ. Set vkþ1(t)¼vk(t)þakpk(t). If vkþ1(t)o0 then vkþ1(t)¼0.
Step 4: Repeat steps 2 and 3 until

~Jðvkþ1Þ�
~JðvkÞ

��� ���od~JðvkÞ, (42)

where d is a specified positive number. If the condition (42) holds, then go to step 5.
Step 5: If v¼0, stop; otherwise, set sk-s0 and vk-v0. Go to step 1.
Remark 4. Using Design procedure 1, which is based on the CG algorithm, it is guaranteed that the optimal value of the
cost function ~J

�
¼ 0 is achieved at the terminal time tf. However, it is possible that the axial transport velocity reaches the

zero value before the optimal value of the cost function is achieved. The strong technical advantage of the proposed control
algorithm is that the vibration energy is assured to be suppressed completely within the deceleration time of the axial
transport velocity, which can be selected by the designer.

Remark 5. In practice, a number of web materials such as films and textiles possess very small viscous damping
coefficients, in which they can be assumed to be zero (dv¼0). This leads to the residual transverse vibration that cannot be
suppressed without control. In this case, the proposed control method is well-suitable for the roll-to-roll systems, which
are similar to the roll-to-roll lithography system presented in Section 1, where the conventional vibration, boundary, and
distributed controls, are not able to be employed. This will be verified by numerical simulations in Section 4.

4. Simulations

To verify the effectiveness of the proposed control algorithm, numerical simulations were carried out with the system
parameters listed in Table 1. The Galerkin method was applied to obtain the set of ODEs (6) with the number of functions
of the approximate solution (5) n¼4. Fig. 5 shows the two profiles for regulation of the axial transport velocity. In this
simulation, the axial transport velocity decreased from the value of 2 m/s to zero with a deceleration time of 5 s. In the
case of no vibration control, the conventional constant-deceleration velocity profile (dotted line), which has only a slope,
was used. In this case, the moving web had a constant acceleration of 0.4 m/s2 during the deceleration time. Meanwhile,
the proposed velocity profile (solid line) generated using Design procedure 1 was constructed of 3 slopes. The optimal
control problem was solved with the terminal time tf¼5, and the proposed profile of the axial transport velocity was
obtained with 50 iterations of the CG algorithm. The weight coefficient matrix was chosen as W¼I, where I is the identity
matrix. Though the Galerkin method provides good predictions of the dynamic responses of axially moving systems, the
Galerkin method should be carefully applied to axially moving beams translating with a high axial velocity [31], because
the approximate solution (5) is constructed by employing eigenvalues of the stationary beam. Therefore, in this paper, the
approximate dynamic model (10) was used only to design the proposed axial transport velocity profile. For numerical
simulation purposes, the finite difference method was employed to find an approximate solution for the PDE (1) with the
initial and boundary conditions given by Eqs. (2)–(4) and the time-varying velocity provided by the two profiles shown in
Fig. 5. The convergence scheme is based on the central (for the beam span) and the forward/backward (for the left/right
boundary) difference methods [45, Chapter 9].

Fig. 6 demonstrates the dynamic responses of the axially moving beam to two time-varying transport velocities (the
proposed and conventional constant-deceleration profiles). As shown in Fig. 6(a), the vibration energy decays to zero in
both cases. However, the convergence properties are different. In the control case (the proposed profile is used), the



Table 1
System parameter values used in numerical simulations.

Parameter Description Value

r Mass per unit length 0.7 kg/m

I Moment of inertia 0.34�10�6 m4

E Young’s modulus 1.8�107 N/m2

l Distance between two rolls 4 m

dv Viscous damping coefficient 0.001 N m2s

P Tension 100 N

v0 Initial axial velocity 5 m/s

w0(x) Initial transverse displacement 0.05sin(px/l)

wt0(x) Initial transverse velocity 0
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Fig. 5. Comparison of the proposed (solid line) deceleration profile and the conventional constant-deceleration (dotted line) profile in the presence of

viscous damping dv¼0.001.
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vibration energy (solid line) approaches the zero value at the time t¼5; that is, the transverse vibration is suppressed
completely within the deceleration time, as the control objective mentioned. This is consistent with the theoretical point
inferred in Remark 4. In this case, when the axial transport velocity (solid line) reaches zero at the time t¼3.7,
Ebeam(3.7)¼16. After the axial transport velocity reaches zero, the residual vibration energy converges slowly to zero
within 1.3 s. From the physical point of view, as mentioned in Section 3, plenty of time is required if the transverse
vibration is suppressed by only the viscous damping force. Therefore, the residual vibration energy should approach a
small value when the axial transport velocity reaches zero. In this paper, this control strategy was executed using the CG
method. The theoretical basis of the application of the CG method is that the vibration energy decays most quickly
between two consecutive iterations of the CG algorithm. As shown in Fig. 6(a), this theoretical point was verified. In the
case of control, comparing Ebeam(0)¼2500 and Ebeam(3.7)¼16, it can be concluded that the vibration energy is almost
suppressed when the axial transport velocity reaches zero. In the case of no control, it seems that the convergence speed of
the vibration energy (dotted line) does not change during the deceleration time. According to conventional constant-
deceleration profile, suppression of the vibration energy takes 9 s. Moreover, when the axial transport velocity reaches
zero at t¼5, the value of the residual vibration energy is considerable (Ebeam(5)¼66). It was shown that the vibration
energy in the case of no vibration control decays more slowly than in the case of vibration control, especially when the
axial transport velocity decreases from the initial value to zero. The convergences of the transverse displacements of the
axially moving beam at x¼ l/2 to zero in the two cases (with control and without control) were compared, as shown in
Fig. 6(b).

In the case of the viscous damping coefficient that was assumed to be zero (dv¼0), the axial velocity profile for
vibration suppression (solid line) was proposed as shown in Fig. 7. The system parameters (except the viscous damping
coefficient) were maintained as in the case of the viscous damping coefficient that was involved. The simulation results
shown in Fig. 8(a) and (b) indicate that when the conventional constant-deceleration profiles are used, the vibration
energy (dotted-line) cannot converge to zero without the presence of the viscous damping force. Meanwhile, the
transverse vibration is still suppressed completely by regulation of the axial transport velocity as the proposed profile.
Through a comparison of the simulation results (time of vibration suppression and control performance) for control and no
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control, the considerable improvement effected by applying the control algorithm to the beam system for vibration
suppression was verified.

In practice, since the exact value of the viscous damping may not be obtainable, Fig. 9 is provided to illustrate the effect
of the modeling error in the viscous damping to the residual vibration energy. The velocity profile shown in Fig. 5
(designed for the case of dv,model¼0.001) is applied to the beam systems under the actual viscous damping dv,actual¼

dv,model7Ddv, where 0rDdvr0.001. The residual vibration energies at tf¼5 are plotted vs. the ratios dv,actual/dv,model. As
shown in Fig. 9, the effect of the viscous damping modeling error in the case of dv,actual4dv,model is lower than the one in
the case of dv,actualodv,model.
5. Conclusions

In this paper, a control algorithm that uses the effects of the time-varying axial transport velocity to suppress the
transverse vibration of an axially moving beam was developed. The basis of the proposed control algorithm is the
regulation of the axial transport velocity to track the proposed profile according to which the vibration energy decays most
quickly. With regard to the dynamics of the axially moving beam, the Galerkin method was applied to reduce the PDE into
a set of ODEs, which was rewritten into state-space equations. A design procedure based on the CG method was introduced
to generate the proposed velocity profile. Compared with the case of no control, the proposed control algorithm provided
considerably improved suppression of the vibration energy. It is believed that the proposed control algorithm is the first
solution using the regulation of the axial transport velocity to suppress the transverse vibration. This also provides a viable
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Fig. 7. Deceleration profile generated from the proposed method (solid line) when the viscous damping does not exist.
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solution to the problem of the vibration control of axially moving systems when the application of boundary control
technique is impossible.
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